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In previous publications, three real-gas isentropic exponents kp,, kr,, and kpr have been 
introduced, which, when used instead of the classical exponent k=cJc ,  in the ideal-gas 
isentropic-change equations, may be applied with great accuracy to real gases. The first 
of the exponents may also be employed for calculating the real-gas sound velocity as 
or= (kp,pv) I/=. The purpose of this study is to present the generalized compressibility chart 
(of the Nelson-Obert type) of real air and place on this chart the values of the real-air 
isentropic exponents and sound velocity based on its virial equation of state. The usefulness 
of such diagrams lies in the fact that they provide in a compact and concise form information 
about the thermodynamic behavior and the isentropic flow of real air, and they allow 
straightforward comparisons between air and other real gases. Using the Redlich-Kwong- 
Soave correlation with acentric factor 0J=0.035, similar diagrams for the air are presented 
and compared successfully with the corresponding exact ones. 
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I n t r o d u c t i o n  

In previous publications, t-a three iscntropic exponents kpv, kTv, 
and kpr for real gases have been introduced instead of the 
(one) classical isvntropic exponent k=cp/cv. It has been 
shown t-a that if the latter is replaced in the ideal-gas isvntropic- 
change equations by the appropriate one of the three real-gas 
exponents, these equations may describe very accurately small 
or differential isvntropic changes of real gases. Extended isen- 
tropic changes may also be calculated very accurately in a 
stepwise fashion by using at each step the local values of the 
exponents introduced. 

The expressions derived t-3 for the three real-gas exponents 
and the relation connecting them are 

v c , (Op)  
k p ~ = - p ~  ~v T (1) 

krv = 1 c,, \aT/o (2) 

k,r- - - [ l  p (Ov~ l - '  
- Cp \a T / p d  (3) 

kp~ kpr 
k r ~ -  1 - kpr-- 1 (4) 

where p, v, and T stand for the pressure, the specific volume, 
and the temperature, respectively, and % and cv are the 
constant-pressure and constant-volume specific heats, respec- 
tively. 

The sound velocity, ~t, is defined as 

LkapLJ L \avLj 
where p = 1Iv stands for the density of the gas and subscript s 
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denotes constant entropy. For a real gas, it is 

tgv/s co 

and Equation 5 becomes 

By use of Equation 1, the above equation gives 

~t = [pvk~] 1/2 (8) 

i.e., the sound velocity of a real gas may be calculated in terms 
of the real-gas isentropic exponent kpv by the above simple 
relation. 

The values of the sound velocity and of the thrce real-gas 
isvntropic exponents have bcen calculated in a general gas- 
independent reduced form in previous publications 4-6 by use 
of the Lce-Kesler, the Redlich-Kwong, and the Rvdlich- 
Kwong-Soavc generalized equations of state. 

Air, the thermodynamic properties of which are described 
by a virial equation of many terms (see Equation 13), will be 
referred to in the following as real air. The purpose of the 
present work is to calculate and present a generalized com- 
pressibility chart (of the Nelson-Obert ~'s type) for real air and 
place on this chart the values of the real-air isentropic exponents 
and sound velocity. The calculations involved are based on the 
virial equation of state of real air. The usefulness of the charts 
developed lies in the fact that they provide, in a compact and 
concise form, information about the thermodynamic character- 
istics of the air. The values of the isentropic exponents taken 
from the above charts or from the developed relations may 
be employed not only in the field of thermodynamics but also 
in other fields of engineering, including gas dynamics, fluid 
mechanics, heat transfer, theory ofinternal combustion engines, 
etc., as described below in the section on usefulness of the 
real-gas exponents. Moreover, the charts presented allow 
comparisons to be made between the air and other real gases 
for the purpose of drawing generalized conclusions. Such charts 
for real gases of practical interest, including steam, refrigerants 
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R12 and R22, and ammonia are in preparation by one of the 
present authors. 

Virial equations for real air 

The equation of state of the real air as well as its isentropic 
exponents and sound velocity will be expressed in terms of 
reduced variables, i.e., 

Reduced pressure: 

Reduced temperature: 

Reduced specific volume: 

Compressibility factor: 

p,=p/p, (9) 

T, = T/T, (10) 

v, = (vp~)/(R T~) (11) 

z = (pv)/(RT)=p,v,/T, (12) 

where R = 287.22 J/kg K is the constant of the air and p~ = 
37.66 bar, T,= 132.52 K, and v¢=3.19 dm3/kg are its critical 
pressure, temperature, and specific volume, respectively. 

The equation of state of real air in the temperature range 
60 K <  T<450 K (i.e., 0.45< T,<3.40) may be expressed in 
terms of the reduced variables p,, v ,  and T, as 

12 

p,(v,, T,)= ~ [AIITr+ A2i+ A3iT~ "1 + A4iT~ -2 
i = 0  

where the values of the coefficients A may be found in Baehr 
and Schwier 9 and where C = (p~v~)/(RT~)= 0.3161325. 

For deriving an expression of the isentropic exponent k m 
reduced in the form kpdk, the derivative (Op/OV)r is calculated 
by differentiating the equation of state (Equation 13) and then 
substituting into Equation 1. The resulting expression is 

- -  12 

kpv C E i[AliTr+A2i+A3iTr-l+A4iT7 2 
k p,v, i= o 

+ As , (T , -1 ) (T , -  2)T= I1 ] IC-1] i -1 .  (14) 

Similarly, an expression for the isentropic exponent kro , reduced 
in the form (kro-  1)/(R/%), is derived by calculating derivative 
(t3p/~T)~, which is then substituted into Equation 2, i.e., 

kTv -- I 12 
- - = V ,  ~ r A l i - A a I T 7 2 - 2 A , i T ~  3 
(R/co) i = o 

C i 
+A, , ( -9T;- ' °+3OT~ -'1 - 22T,-'2)] I ~ -  1 ] . (15) 

The third isentropic exponent of real air may be calculated in 
terms of the other two, by use of Equation 4. 

Lastly, the sound velocity of real air, reduced by the ideal-gas 
sound velocity ~qd = (kRT) ~/2, is calculated by using Equations 
8 and 12 as 

~t (kpopv) 1/2 f k~v'~ 1/2 
~ - ~ - [ z ~ - )  (16) 

or, because of Equations 14 and 12, 

~ =  i=o~ i [AIIT'+A2i+A3'T;I+A4iT'-2  

+ A s i ( T , - 1 ) ( T , -  2)T711]~ v, (17) 

Figure la shows the compressibility chart of real air, which 
has been plotted by using the equation of state (Equation 13) 
as follows: For v,=const.,  T, is varied from I to 2.5 and the 
resulting pairs of values p , - z  (calculated from Equations 13 
and 12, respectively) give the v,= const, line. The T,-contours 
have been plotted in an analogous fashion. In a small region 
near the critical point (p, = 1, T,= 1), there is some uncertainty 
about validity of the equation of state. The same remark applies 
to Figures 2, 3, and 4 mentioned in the following. 

Lines of constant kpdk, (kr v -  1)l(R/c~), and ~ / ~ i d  plotted on 
the compressibility chart by suitably employing Equations 14, 
15, and 17 are shown in Figures 2a, 3a, and 4a, respectively. 

Approximate equations based on the 
Redlich-Kwong-Soave correlation 

Very good approximations for kpv/k, (kro-1)/(R/co), and ct/Ctid 
may be obtained by using the Redlich-Kwong-Soave 1°'11 
generalized equation of state, as described below. 

The Redlich-Kwong-Soave equation is usually written in 
the form 

R T a[I+L-L(T/Tc)° '5]  2 
p (18) 

v - b  v(v+b) 

where 

a = AR 2 T2/pc, A = 0.42748 (19) 

b = al~ To~pc, 8 = 0.08664 (20) 

and L is a function of the acentric factor to, i.e., 

Notation 

Aq 
A,B  

a, b 

G 

Cp, C v 

k 
kp~, kr~, kpr 

Coefficients in the equation of state of the air 
Constants in the Redlich-Kwong-Soave 
equation of state, A = 0.42748, B = 0.08664 
Coefficients in the Redlich-Kwong-Soave 
equation of state 
Constant in the equation of state of the air, 
C=0.3161325 
Specific heat under constant pressure and 
constant volume, respectively 
Classical isentropic exponent, k = %~co 
Real-gas isentropic exponents corresponding 
to the pairs of variables (p, v), (T, v), (p, T), 
respectively 
Parameter in the Redlich-Kwong-Soave 
equation of state 

P, Pc, P, 

R 
S 

T, ToT,  

V, Vc, 1) r 

Z 

Pressure, critical pressure, and reduced 
pressure, respectively 
Gas constant 
Entropy 
Temperature, critical temperature, and 
reduced temperature, respectively 
Specific volume, critical specific volume, and 
reduced specific volume, respectively 
Compressibility factor 

Greek symbols 
~, ~io Sound velocity and ideal-gas sound velocity, 

respectively 
p Density 
~o Acentric factor 
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Figure I Compressibility chart of the air: (a) calculated by using 
its virial equation of state; (b) calculated by using the Redlich- 
Kwong-Soave correlation (r~ =0 .035)  
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Figure 2 Lines of constant reduced isentropic exponent k~,lk 
of the air: (a) calculated by using its virial equation of state; 
(b) calculated by using the Redlich-Kwong-Soave correlation 
(~=0.035) 
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Figure 3 Lines of constant reduced isentropic exponent (kT,-- 1 )/ 
(R/c,) of the air: (a) calculated by using its virial equation of state; 
(b) calculated by using the Redlich-Kwong-Soave correlation 
(~o=0.035) 
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Figure 4 Lines of constant reduced sound velocity ~/~d of the air: 
(a) calculated by using its virial equation of state; (b) calculated 
by using the Redlich-Kwong-Soave correlation (o~=0.035) 
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L =0.480+ 1.574o9- 0.176c02. (21) 

By employing Equations 9-12 and making suitable algebraic 
transformations, the Redlich-Kwong-Soave equation (Equation 
18) is expressed in reduced form as 

v, A ( I+L-LT° 'S )  2 
z = - -  (22) 

v , - B  T,(v,+B) 

and the following expressions are derived for the reduced 
isentropic exponents and sound velocity: 

k l;i v l I- F l~r ] 2  r i)r _ _ = ] r l  + ~r 1 1  ~ >  
k - z L L ~ A  -Lv,-e JL v,+BJJ 

k r , -  1 v, AL(1 + L - L T  °5) 
- -  ~ ( 2 4 )  

(nlcD Vr-B T°'S(v,+B) 

[[  v, ]2 [ v, z][ l+ v, ]]'~ 
~w=LLV~-B-BJ -Lvr-B- JL v -~BJJ  " (25) 

The above relations suggest that the reduced isentropic ex- 
ponents and sound velocity kp~/k, (kr~-l)/(R/%), and c~/eia 
depend only on the reduced volume and temperature, v, and 
T,, and are therefore independent of the gas properties, except 
for property to contained in L and z expressions. Thus, for each 
value of the acentric factor to, one compressibility chart may 
be plotted and the values of kpdk, (kr~-1)/(Rico), and e/eia 
may be placed on this chart. Figure lb shows the compressibility 
chart for co =0.035 (air) and Figures 2b, 3b, and 4b show lines 
of constant kpdk, (kr~- 1)/(R/c~) and el%a, respectively, plotted 
on this compressibility chart. Calculation and plotting of these 
diagrams is not explicit, as deduced from the form of Equations 
22-25. Thus, for example, for calculating a kpdk = const, line, 
the following procedure is employed: For kpo/k=const, and a 
selected value of v,, z is calculated explicitly from Equation 23 
and T, from Equation 22, which is ofthe second order in respect 

0.5 to T, . With the known values of v,, z, and T,, the value of 
p, is calculated explicitly from Equation 12, and coordinates 
(p,, z) define on the compressibility chart a point lying on the 
kpdk = const, line. 

U s e f u l n e s s  o f  t h e  r e a l - g a s  e x p o n e n t s  

As mentioned in the Introduction, the ideal-gas isentropic- 
change equations may describe very accurately small isentropic 
changes of real gases if k is replaced by the three corresponding 
exponents, i.e., 

pv k,° = const. (26) 

TV(kT~ - 1) = const. (27) 

p(i -k~riTk, r = const. (28) 

Therefore the exponents introduced are useful in the following 
cases: 

(1) The exponents permit calculation of isentropic changes of 
real gases in eases where the entropy function s =f(T, v) is 
not available. Small isentropic changes are calculated by 
Equations 26-28 with great accuracy. Extended changes 
may also be calculated very accurat©ly if the calculation is 
performed step by step, since the values of the three 
exponents vary with p, v, and T according to Equations 
1-3. An example for real air is given in Figure 5, which 
shows that the results obtained by using Equation 27 are 
identical to the exact solution (i.e., by the use of the entropy 
function.s=f(T, v)=const.), while those obtained by the 
use of the classical exponent k produce an error that reaches 

200 
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Figure 5 Isentropic expansion of real air starting at 200 bar, 
2.455 dm3/kg, 200 K, and calculated (a) by the use of exponent krv; 
(b) by the use of k=cJcv; (c) by solving the entropy function 
s(T, v)=0 

30%. It is worth noting that the computer time required 
for the calculation using Equation 27 with temperature 
steps of 2 K was 300% shorter than that required for the 
exact solution. 

(2) Equations 26-28 are useful even when the entropy equation 
of the real gas is available. This equation, being usually a 
complicated function of T and v, cannot be solved explicitly 
for any of these variables. Therefore, calculation, for example 
of v when T is known, requires a numerical iterative solution 
of the entropy equation s=f(T, v). This is a tedious and 
time-consuming problem unless a good initial guess is 
available. Such a guess is obtained by the use of Equation 
27. 

(3) Apart from thermodynamics, the exponent k appears in 
relations encountered in gas dynamics, fluid mechanics, 
heat transfer, theory of internal combustion engines, etc. 
These relations will become more accurate if the new 
exponents are employed instead of k. As an example, the 
blow-by problem is considered. This refers to the calculation 
of the amount of gases flowing from the cylinder-head side 
of internal combustion engines or high-pressure air com- 
pressors to the crankcase side through the ring belt. Using 
the classical exponent k, the mass flow rate per unit area, 
~h/A, is 2 

A Lv,J Lzl R L \ p i /  \ p l l  

xrl (.:T1 ,=9, 
L - \ ~ 1 /  J 

while the corresponding expression when the new exponents 
are employed is 

rh rPtl l /2F2Cp[(p2~ 2/kpv (p2~lkTv+lI/kPvll 1/2 

A - L v t J  Lz, R LkP-~U - \ ~ /  dd [ ] _ x 1 -  (30) 

where subscripts 1 and 2 denote upstream and downstream 
conditions, respectively. Equation 29, when applied to real 
air, gives an error of more than 5% under usual conditions. 2 
The error is eliminated by the use of Equation 30, thus 
showing the deviation produced by employing k instead of 
the new exponents. 

(4) The new exponents may also be employed in the calculation 
ofthe shock wave of real gases, as described in refs. 5 and 12. 
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Conclusions 

The charts presented provide, in a compact and concise form, 
information about the thermodynamic properties of real air 
and allow comparisons between the air and other real gases, 
for which similar charts may be plotted. Such charts for real 
gases of practical interest, including steam, refrigerants R 12 and 
R22, and ammonia, are in preparation by one of the present 
authors. 

The values of the real-air isentropic exponents taken from 
the charts or the corresponding relations developed are useful 
in the calculation of the real-air isentropic change. Generally, 
they may replace the classical isentropic exponent k = cp/c~ in 
relations encountered in thermodynamics, gas dynamics, fluid 
mechanics, heat transfer, internal combustion engines, etc., in 
order to make these relations more accurate, as described in 
the previous section. 

The behavior of the ideal gas is characterized by the 
assumption of noninteraction between molecules. For  real 
gases at low density, this assumption can be considered to be 
close to reality, and therefore the real-gas sound velocity, a, is 
approximately equal to the ideal-gas sound velocity, aid , i.e., 
a /~ ia -  ~ 1, as shown in Figure 4. However, at higher densities 
the interaction of the real-gas molecules becomes considerable 
and affects their motion, thus giving sound velocities different 
from the ideal-gas values. Near the critical point this interaction 
is considerably stronger, as shown in Figure 4. 

Because of Equation 16, the pattern of the kw/k contours, 
shown in Figure 2, is similar to that for ~/~ia. The (krv - 1)/(R/c~) 
contours of Figure 3 present a mathematically derived quantity, 
useful in computing properties and values, with no significant 
physical meaning. 

Comparison of Figures 2a, 3a, and 4a with 2b, 3b, and 
4b, respectively, reveals that the agreement of the kpJk, 
(krv-1)/(R/c~), and ~/t~id from the virial equation of real air 
with the corresponding approximate values calculated by the 

Rvdlieh-Kwong-Soave correlation is generally satisfactory, 
being very good in some regions and less so in others. 
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